Introduction
Established linear pulse-echo ultrasound imaging concepts (e.g. B-mode, SA, DAS) are based on simplified wave propagation models ignoring multiple scattering and other wave propagation effects. Due to these limitations, the obtained images are artifact-affected mainly showing tissue boundaries (high spatial frequencies) with less detail. In order to improve the image quality, nonlinear diffraction tomographic reconstruction algorithms have been proposed to calculate quantitative maps (containing low and high spatial frequencies) of the tissue's compressibility under multiple scattering, e.g. [1, 2] . Here, the suggested algorithm applies the Kaczmarz method to solve a corresponding inverse scattering problem; therefore, a simulated forward wave propagation and a residual backpropagation is used to update the tissue's compressibility iteratively. In this contribution, we introduce the compressibility reconstruction approach as proposed in [1, 2] , and evaluate the method's robustness to various noise levels in the raw data under cylindrical and plane wave excitation numerically.
Methods Nonlinear Compressibility Reconstruction Approach
Denoting Γ = {(x 1 , x 3 )| x 1 ∈ [−r 1 /2, r 1 /2], x 3 = 0} a fixed linear transducer array with lateral and axial direction x 1 and x 3 , we consider an inhomogeneous object Ω ′ to be reconstructed with space-varying compressibility κ 1 . Ω ′ ⊂ Ω = R 2 \ {x 3 ≤ 0} is coupled to the transducer by a surrounding homogeneous medium Ω \ Ω ′ (water) having a constant compressibility κ 0 . Furthermore, for r = (x 1 , x 3 ) ∈ Ω, we assume a constant mass density ρ(r) = ρ 0 . The total compressibility κ is defined by
Cylindrical wave excitation and the resulting oscillating pressure p are modeled by the initial value problem
Thus, Eq. 1 is the wave equation for inhomogeneous lossless media with speed of sound c(r)
0 κ(r) − 1 represents the relative compressibility deviation from the background compressibility κ 0 , and c 0 = (κ 0 ρ 0 ) −1/2 is the constant background speed of sound of both media. In Eq. 3, q is the excitation pulse, a denotes the rectangular aperture function for an element with width r 2 , and s ∈ [(−r 1 + r 2 )/2, (r 1 − r 2 )/2] is the exciting element's center position. Moreover, parameter T represents the observation time. For each g i of a given raw data set G = {g 1 , ..., g 100 }, with g i = g i (r, t), (r, t) ∈ Γ × [0, T ], denoting the detected rf-signals while using the source element at position s i ∈ [(−r 1 + r 2 )/2, (r 1 − r 2 )/2], the related material parameter update for each image point r ∈ Ω becomes [1, 2]
Hence, α is a space-dependent relaxation parameter as noted below, z is the solution of the final value problem
and p in Eqs. 4 and 7 obeys Eqs. 1 to 3 while utilizing the transmitting element at s i . An iterative update scheme is given by Eq. 4 using all source elements randomized. Note that under plane wave excitation, Eq. 3 needs to be modified applying all elements simultaneously. Obviously, the related raw data set is thus reduced to G = {g 1 }. 
Numerical Implementation and Reconstruction Setup
Utilizing the self-created numerical breast phantom ( Fig. 1 ; for more details, see [1]), and
with amplitude A = 5 × 10 8 , t 0 > 0 fixed and ω c = 2πf c the angular center frequency, we applied a FDTD-code of Eqs. 1 to 3 (using ∆x = ∆y = 0.5 mm, ∆t = 0.2 µs and T = 179.8 µs) to generate two synthetic pulse-echo raw data sets with f c = 0.1 MHz and f c = 0.2 MHz center frequency under cylindrical and plane wave excitation. We subsequently added white Gaussian noise to each rf-signal to obtain an SNR of 10, 20, 30 and 40 dB, respectively. Thus, we estimated the variance of each detected rf-signal at
with N = 899, and t n = n∆t the sampled time.
For each SNR, we calculated 6000 pre-and mainiterations using the 0.1 MHz data set to image homogeneous tissue regions and the 0.2 MHz data set to reconstruct sharp tissue boundaries. We chose α(r) = 1.77 × 10 −13 x 3 m −1 and α(r) = 2.22 × 10 −16 x 3 m −1 under cylindrical and plane wave excitation, respectively.
Results
Exemplary image reconstruction results and a statistical error analysis of all results are illustrated in Figs. 2 and 3 , respectively. Nonlinear reconstruction using cylindrical wave excitation yields comparable results for 30 and 40 dB SNR equivalent to the result achieved in case of no noise (Fig.  3) . Here, water and all tissue types are correctly located and clearly visible (Fig. 2, (b) ). Applying plane wave excitation, the method also provides equivalent results for 30 and 40 dB SNR similar to the result obtained without noise (Fig.  3) . However, spacious homogeneous fat regions are solely imaged, and the breast's inner structure is less-detailed (Fig.  2, (d) ). Hence, the achieved images are of worse quality than those using cylindrical wave excitation (Figs. 2 and 3) . 
Discussion
The contribution's reconstruction results demonstrate the approach's robustness up to 30 dB SNR in the raw data for both excitation modi. Under cylindrical wave excitation, the method has the potential to reconstruct quantitative highresolution compressibility images outperforming those obtained using established ultrasound imaging concepts. 
